Lecture 5
Karnaugh Maps

 Algebraic procedures:

« Difficult to apply in a systematic
way.

« Difficult to tell when you have
arrived at a minimum solution.

 Karnaugh map (K-map) can be
used to minimize functions of
up to 6 variables.
— K-map is directly applied to two-
level networks composed of AND
and OR gates.

« Sum-of-products, (SOP)
 Product-of-sum, (POS).
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Minimum SOP

e |t has a minimum no. of terms.

— That Is, 1t has a minimum number
of gates.

* It has a minimum no. of gate
Inputs.
— That 1s, minimum no. of literals.

— Each term in the minimum SOP is
a prime implicant, 1.e., it cannot
be combined with others.

* It may not be unique.

— Depend on the order in which
terms are combined or eliminated.
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Minimum SOP

« Example: vertical input scheme

AABBCC 48 0

1
d 2 ‘Vv 2
=D =D

B
_L>C Y1 | Sinput AND gt 4 Sinput AND gat 3
|
I =3
! / | [ o ¢ - Fl
¢
-input AND gate || 3-nput OR gate /(|| input AND gate] | 3nput OR gate
//
‘ p
! IC package count = 4 '/ { ICprckage count

(due to fan-in reduction)

nput AND gafe

¥ Ean-in reduction

Figure 3.2.5  1C logic circutt designs for a mintmum SOP form of a function using a
vertical input scheme; (a) without fan-In reduction, (b) with fan-in reduction.
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Minimum PQOS

e |t has a minimum no. factors.
e |t has a minimum no. of literals.

* It may not be unique.
— Use (X+Y) (X+Y’) =X

— Use (X +C) (X* + D)(C+D) =
(X+C)(X’+D) to eliminate term.
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Minimum PQOS

« Example: Vertical input scheme

XXYYZZ
X I >c I
_l_y >c ® .
2-input OR gate
74| !
Do
¢
2-input OR gate
¢
2-input OR gate

:)_FZ

3-input AND gate

Figure 3.2.7 IC logic circuit design for a minimum POS form of a function using a

vertical input scheme.
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2-Variable K-map

— Place 1s and Os from the truth table in

the K-map.

— Each square of 1s = minterms.

AB

£
00 | |
01 | 1
10| 0
1110

Minterms in adjacent squares can be
combined since they differ in only one
variable. Use XY’ + XY = X.

(b) (c) (d)
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3-Variable K-map

— Note BC is listed in the order of 00, 01,
11, 10. (Gray code)

— Minterms in adjacent squares that differ
In only one variable can be combined
using XY’ + XY =X.

.»IB('4}-
000 | 0
001 | 0
010 | 1
011 | 1
100 | I
101 | 0
110 | 1
L1110
(a)

A

BC ()

ABC=001. F=0

Chap 5

00 0

01 ™0

11| 1

10| 1

1 ABC=110, F=1
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|_ocation of Minterms

— Adjacent terms in 3-variable K map.

- |
’ |

00 | 000 | 100

011001 | 101 | | 100 s
|

adjacent

e
11| ong=f11n | | 0 HY
?

|
01 010 | 110
\\

(a) Binary notation

Chap 5

a

he y l
00 0 | 4
01| 1 5
i 3 | ¥
0] 2 b

(b) Decimal notation
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K Map Example

— K-map of F(a,b,c) = >m(1,3,5)
=[IM(0,2,4,6,7)

O () (

()] | |

Karnaugh Map of
Fa,b,c) =) m(1,3,5) = [|M0,2,4,6,7)
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Place Product Terms on

« Example

K Map

— Place b, bc¢’ and ac’ in the 3-variable K

nalm

map.
a
he\ ()
()
()]
( |l
-\ [()
|

)

01

a a=lm
) | this column
|
()) |
‘A
()
c=l) 1
/ these rows
f
() ( |
|
(c
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More Example

— Exercise. Plot f(a, b, ¢) = abc’ +
b’c + a’ into the K-map.

fla,b,c)=abc’ +b'c+a’

we would plot the map as follows:

. The term abc’ is 1 when a = 1 and bc = 10, s0 (
we place a 1 in the square which corresponds
to the a = 1 column and the be = 10 row of the ol 1)
map. =

). The term b'c is 1 when be = 01, so we place 1s| 01 ,(1 1)
in both squares of the bc = 01 row of the map.}> T"

3. The term a’ is 1 when a = 0, so we place I's in 1 [1
all the squares of the a = 0 column of the map. | /
(Note: since there already is a 1 in the abc = |\
001 square, we do not have to place a second) \

[ there because x + X = x.) abe
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Simplication Example

« Exercise. Simplify: F(a,b,c) =
>m(1,3,5)
* Procedure: place minterms into map.

» Select adjacent 1’s in group of two 1’s or
four 1’s etc.

» Kick off x and x’.

a a
be U bhe 0

00 ()

01l 1 |1 T ot {(0)] D20 L
:(f’/)(("f (/’/)l' 5 | :TP' ‘ ‘/,/)( Tain
- {'(, ~A| ‘ h

1| 1 - 1\ 1)

10) 1 ()

F=Zm(1,3,3) F=dc+b'c
(a) Plot of minterms (b) Simplified form of F
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More Example

— The complement of F

» Using four 1’s to eliminate two variables.

a

he | () | |
00 [{ 1 | J
Ol 0 0

p— F.J / [
ll:/)“ +/)(' = (

i @ [fap—ir®

\ag
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Redundant Terms

 |faterm iIs covered by two other
terms, that term Is redundant. That Is,
It IS @ consensus term.

« Example: yz is the redundant.

00 00

b (]\ /,y:ﬂmwuwmlwm) 01

V2~
n]|(x]]( 1) I

y ’ g
[() \I 4~ y [() LIJ

Xy+Xxz+yz=xy+xz

— J
e s O

7
M
/__
—
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More Than Two
Minimum Solutions

e F=> m(0,1,2,5,6,7)

a a
bc 0 l hc 0, |

00 (W 00 d
.
o | I ot | (1

|| Y | (lw
10 <1 ‘\) 10 (11 L_
|

F=a'b +bc +ac F=dc¢ +b'c+ab

————
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4-Variable K Map

— Each minterm is adjacent to 4 terms

with which it can combine.
0, 8 are adjacent squares
0, 2 are adjacent squares, etc.
« 1,4, 13,7 are adjacent to 5.

AB

CD () ()] | ] ()
0O() | 4 12 boS
0Ol | 5 13 9
| ] | 7 IS 11
[0 2 6 14 10

Chap 5
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Plot a 4-variable
EXpression

 F(a,b,c,d)y=acd+a’b+d’
acd =11fa=1, c=1,d=1

ab

cd I()() 0] | l(')|
ol [M)] 1 | 1 h—
(0] 1 |+ a'b

'
—g

| | 1 E_l L—(I('(/
10 (l UR qe
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Simplification Example

— Minterms are combined in groups of 2,
4, or 8 to eliminate 1, 2, 3 variables.

— Corner terms.

ab

ab
ed \ 000 11 10

Four corner terms

ed \ W O 11 10 combine lo give hd
W[ ]t p—=h 00{ 1) |
| |/ N y 4
o (1)1 | 1 ol (1) ,
‘ = 3 (w <+ A/ /‘(/
1 8 : L 1) PRl Fas

niE {1 TITI 1)

() «— b cd () {] | | | '/ |
| L

fi=Em(1,3,4,5,10,12,13)

fr=2m(0,2,3,5,6,7,8, 10, 11, 14, 15)
= /)(" + (l'/7'(/+ tl/)’('(/’ =(+ /)'dl + (llhd

(a) (b)
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Simplification with
Don’t Care

* Don’t care “x” 1s covered 1if 1t helps.
Otherwise leave It along.

ab

cd 00 01 Il 10
00 X
01 ((1 1 )] x i
11 L\\l _‘1
10 X

f=2m(l1,3,5,7,.9) +Zd(6, 12; 13)

=a'd+c'd
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Get a Minimum POS
Using K Map

* Cover 0’s to get simplified POS.
— We want 0 in each term.

f=x"z"+wyz+wy'z' + x'y
First, the 1’s of f are plotted in Fig. §-14. Then, from the 0’s,
f'=y'z+wxz' + w'xy
and the minimum product of sums for f is

f=(+z)w +x"+2w+x"+y)

yz 00 01 11 10

00 1

1
or{(o | o

~

SaEE
10| 1 L /J ('0\1 1
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Determination of Minimum
Expressions Using Essential
Prime Implicants

e Definitions:

— Implicants: An implicant of a function
F is a single element of the on set (1) or
any group of elements that can be
combined together in a K-map.

— Prime Implicants: An implicant that
cannot be combined with another to
eliminate a literal.

— Essential Prime Implicants: If a
particular element of the on-set is
covered by a single prime implicant.
That implicant is called an essential
prime implicant.

 All essential primes must be part of
the minimized expression.
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Implicant of F

 [Implicant
— Any single 1 or any group of 1’s
* Prime implicant
— An implicant that can not be combined
with another term to eliminate a
variable.
— a’b’c,a’cd’, ac’ are prime implicant.

— a’b’c’d’ 1s not (combined with a’b’cd’).
abc’ and ab’c’ are not.

ab
cd 00 01 | 1 10
00 |_ 1 |"":7] | ‘ l"l";, ;
i ! |
l ;
()1 } 1 I ‘ 1 H‘ — ab
Sl | N
/ ; (l/’('
T 11 ([ 1
‘D o ‘
10 [\, 1
14
| F
{ 1‘(/’
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Prime Implicant

« Assingle 1 which is not adjacent to any
other 1’s.

« Two adjacent 1’s which are not contained in
a group of four 1’s. And so on.

— Shaded loops are also prime implicants, but
not part of the minimum solution.

— a’c’d and b’cd are already covered by other
group. So we do not need them.

cd\. 00 01 11 10
iy 00 ( 1 | {1
acd—— U
o1 | ) w i 1: Minimum solution: F=a'b'd+ bc' + ac
1 i fihit: 0 o ’
s u All prime implicants: a b d, be', ac, a ¢ d, ab, b cd

I
: ]
=
r—— ‘
s
[ o
f

' \/)’»/
10 !\!} ‘J C(
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Essential Prime Implicants
for Minimum SOP

 If CD is chosen first, then f has 4 terms. We
don’t need CD since it is covered by other
group. CD is not a essential prime implicant.

« m2 is essential prime implicant since it is
covered only be one prime implicant. So does
m5, and m14. We need them in the answer.

AB AB
CD 00 0l 11 10 CD 00 0l 11 10

00 ms 00

01 ;/1/ 1) 01 ( 1 | 4]

n [ GO [Fai o), Ry Ll (1 (q

(.[)/ i i | |
1()_%1/: \J_\ —l‘tl:’lw m_ 1 1 1
h
mo mig4
f=CD +BD + B'C + AC f=BD+B'C+AC

(a)
Chap 5

(b)
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'

Rule of Thumb

— Look at all squares adjacent to a
minterm.

— If the given minterm and all of the 1°s
adjacent to it are covered by a single term,
then that term is an essential prime
implicant

— But if it is covered by more than two prime

implicant, we can not tell whether this term
Is essential or not.

— The solutionis A’C’ + A’B’D’ +ACD +

b
(A’BD or BCD).
AB
cD 00 0l 11 10
— 1
00 L1 ) 1 )
‘ , A | M Note: 1’s shaded in blue are covered
- \ by only one prime implicant. All
01 L 1 1 “”1 other 1’s are covered by at least two
~— 1 t _ . prime implicants.
__l8 |
1 W1 1 § pi— ACD
= 11
10| (1 ’
~
\'B'D’
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Flow Chart

L

Choose a 1 which has
not been covered

I

Find all adjacent
1’s and X’s

Are the chosen
1 and its adjacent 1’s
and X’s covered by a
single term?

That term is an essential
prime implicant. Loop it.

Y

All
uncovered 1°s
checked?

e

Find a minimum set of prime
implicants which cover the
remaining 1’s on the map

I

STOP

NO

Note: all essential prime
implicants have been
determined at this point.



Example

 Find the 1 that Is covered by only
one term first (Do not share with
other circle).

AB
cp\_ 00 01 11 10
|
00| X |(14) k‘y
01 15 Q - ER
; ol Shaded 1’s are covered by
only one prime implicant
11 X7 1| Xis
o
10 1 1
Y %
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5-Variable K Map

— Use two 4-variable map to form a 5-
variable K map (16 + 16 = 32)
(A,B,C,D,E)

e A’ in the bottom layer
« Ain the top layer.

These terms don’t combine because they are
— indifferent layers and different columns

/
,(

[\ (they differ in 2 variables).

BC i
DE 00 / \\nl 1l 1)
6 [/]20 28 /]
()() | 1 1
I 1 | /)
L ‘ - 8] These 8 terms combine to give BD' (B from
' . 4 N last two columns and D" from top two rows;
Ul \l/ Ll A is eliminated since 4 terms are in the top
A : I - ! layer and 4 in the bottom).
2 | 5 13 9 .
/() 19 ] Ty 2
¥ (\_l 1 1) \ These 4 terms (2 |’mm' top l;l_\'gr and 2 from
X1 1y — bottom) combine to give CDE (C from the
i 7 A ] middle two columns and DE from the row).
\ 22 () 2
ol U ,{ 1
) | ( |4 10

“‘\‘ X A A ] .
' These 2 terms in the top layer combine to give AB DE.
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5 Neighbors

« Same plane and above or under

BC
DE 0O0) 01 | | 10
00 /
1
0] # KalSe |
A a1y | )
0
[ 1
W -
10)

Chap 5 C-H 29



Example: 5-variables

e Ans: F=A’B’D’ + ABE’ + ACD +
A’BCE + {AB’C or B’CD’}
— PI1+P2+P3+P4+ AB’C or B’CD’

BC
DE 00 01 1] 10
N
00 LK | 1
1 0 :l :lm 7 Shaded 1's are used to
@\'\\; Bk select essential prime
01 N 7 implicants.
A LN 1
|
/() bl
| ' : 3
1 1 g N - {P)
I8 L
,
it | /
10 \\\..1; /I j,l 1 ]
/ |
|
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One More

- F=B’C’D’+B’C’E+ A’C’D’ + A’BCD +
ABDE + {C’D’E or AC’E}
. (17,19,25,27 =AC’E), (1,9,17,25 = C’'D’E)

pe (P
DE 00 01 11 10

16 20 28 24
1
00 s
71 W (1
/ 0 4 12 8
17, 21 29 25
o1 | |14 1
A 1 1 |
I | 5 13 9
/() I€ 23 3] 27
1 ; A (L | 1
3 7 mIS ||
@ 18 22 30 26
10 Q
2 6 14 10
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Simplification Using Map-

Entered Variables

— Extend K-map for more variables.

AB
8 R

— When E appears in a square, if E = 1,
then the corresponding minterm is
present in the function G.

- G(ABCDEF)=my+m,+m;+
Em: + Em,+ Fmg + my; + myz + (don’t
care terms)

AB AB AB

[ 10 Ch 00 01 11 10 %) 00 0F 11 10 Ch 00 01 11 10

0 |(1) 0| X 00| X

Flooon x| | x 0] "”'X_T\ X 0] X ‘/xFﬂ
1|l 1{ (i;_j? I L§_ [J LIE IR L{_ X

X 10 1[ X 10| X X 10| X X

f=f=l) E=1,F=( gl Fe]

MS,=A'B +ACD MS =A'D MS,=AD

(b) (c) (d)
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Map-Entered Variable

« F(A,B,C.D)=A’"B’C+ A’BC +
A’BC’D + ABCD + (AB’C), (don’t
care)

— Choose D as a map-entered variable.
— WhenD=0,F =A’C (Fig. a)
— WhenD=1,F=C+ A’B (Fig. b)

* two 1’s are changed to Xx’s since they are
covered in Fig. a.

« F=A’C+D(C+A’B)=A’C+CD +

A’BD
A A DA
BC 0 1 BC 0 BC 00 Ol 1()
00 00 00
0] }/?' X 01 'X X O 1] X || X 1
‘ | |
~ ‘
HLIJ D § '{X' l’ 1] 1] 1 1
10| D 10 |1J 10 1
(a) (b) (c)
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General View for Map-
Entered Variable Method

» Glven a map with variables P1, P2
etc, entered into some of the squares,
the minimum SOP form of F Is as
follows:

« F=MSO+ Pl MS1 +P2MS2 + ...
where

— MSO0 Is minimum sum obtained by
settingP1 =P2 .. =0

— MS1 Is minimum sum obtained by
settingP1=1,Pj=0( #1), and
replacing all 1’s on the map with don’t
cares.

— Previously, G=A’B’ + ACD + EA’D
+ FAD.
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